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Power Autocorrelative Function
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The spectral reflective characteristics (SRC) of the natural formations are
oblained practically as a discrete sequence of values r(4,),i==1,..., n of the
reflective index of the formation. This permits the SRC description through
the vector tip X(x,,..., x,} in the Hnite multidimensional space with dimen-
sionality - #, in which the subject descriptive signs are x,=r{(1,). SRC are
stochastic functions because of the natural dispersion of the formation pa-
rameters. This property of theirs necessitates the use of statistical proba-
bililty methods of the SRC classification even when ihe measurement er-
rors are so small as to be neglected. From the point of view of minimi-
zation of the probability R for an error of Ist gender (“omission”), or an
error of 2nd gender {(erroneous identification “false alarm”}, most suitable
proves to be the Bayes method of the minimum risk at the SRC classifi-
cation analysis. In the general case, when the autocorrelative SRC matrix
is not dizgonal, the analytical conclusions become very difficult. But in
some particular cases it is possible to formulate relatively simple criteria
of the risk function R magnitude at the determination appurtenance of the
vector-observation X{x,, ..., x,) 1o one of the two classes—#& or m. For
instance, the risk function simplifies considerably at the following limiting
conditions: :

a) Signs x are independent (particularly n=1), _

b) SRC of the two vector-realizations are connected with the relation:
(A} =(1+O)rl), ®=const<1. :

¢) k- and m-classes have normal distributions with parameters Bip tom,
2=(14-O)ur,, o8, = l/’,:.a,:{‘,, Oy = V;z;,£= V(1 + @);e;{:,, where thy, is the mathematical
expectation of r,(4;), and or, is the ry(1,) variance. The constant V is the

variational index. As shown in [3], under these conditions the risk function
R is measured with a normalized normal distribution having a coordinate
equal approximately to

(1) n=86/V
(after neglecting the high powers of @),
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then the value of R is smaller at a great absolute value of n.

Of coutse, these limiting conditions are quite strong (condition (b) in
particular), but they provide a possibility for analytical conclusions through
the criterion (1). They can serve as an orientation for the situation in the
general case of the SRC nondiagonal covariance matrix,

The space of X(x,... x,) can be formed not only through (1), but
also by the r{1) transformations with a suitable operator. Such a transfor-
matiott has justification of performance only when the risk function value
could be reduced in the fransformed space. Paper [3] shows that the auto-
correlative fransformations:

As in that case, R is determined by the integral

(2) Cm{rj):21|!’(A;)“?’(lf'l"!j)‘,Ij——dl.j, J=L, nf2, dh=12i y;—A;=const,
f=1

(3) , Calrp)= é’[r(wr{af-r-r,-)la

improve the risk function for the cases described by the limiiing condi-

tions (a), (b) and (¢} with the increase of the |#| value. The transtormation

(3) is given by Kolmogorov [1] and the transformation (2) is defined in [2]
This paper examines the generalization of {2} and (3), namely:

)] () ZH rg—rid A+, N=1,..., e,
il

We shall accept equation (1} as au effectivity criterion of this trans-
forination. The studies in paper {3} show that C, from equation {3) leads to
a smaller value of | 5| than C, from equation (2). In the general case this
justifies the examination of the ratio

e On_m¥n
5 =S —=————0C
( ) = LY @NVN—m

Taking into consideration the limiting condition (b) and equation (4),

~we obfain the small parameter Q, by the relation

(6) C )= (14 VCH ().

If we neglect the high powers of @ in (6), we would obtain Oy—NO
and then :

7 ONOs)—m = NN — 1),

In order to study the Vy_n./Vy ratio it is necessary to determine the
expressions for Hey and LW of C™) for an arbitrary M. This can be realized

by the use of the definition equation (4} and of the dispersion equation
of a normal distribution composition. - ' i
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®) y=ax,
7= ‘Z‘af_off :

In equation (4) the Ith realization r; (4;) of a given class can be ex-
pressed as follows:

(9) ri{Asy=r(A)+Arid;),

whefe r{i;) is the mathematical expectation of rin A, for the examined class.
ri1; +z;) is expressed analogously:

{9a) rlA; 1y =r{Atv )+ Ardd, ).

Taking into consideration that there follows from condition b) that
V], the high powers of Ar; can be neglected and then we obtain after
the substitution of (9) and (8a) in (4) in a first approximation:

(10} CgN)mé'[(zf — YN +N(x; _'Ef)N_i(Ax‘} —4yi,)h

where it is marked for convenience: x,=#(;), ¥,= ;1)
It follows from equation (8) and (10) and condition b) that:

"

(11) W= 3 (x,—y),

i=1

(12) el =VIN? 3 —y PV-D(x2-Ly ).
i=1

Cy

The ratic Vi/Vi-m is expressed by equations (11} and (12) in the fol-
lowing way:

- n 2 n
Z(If—f,-)”“’"] [ D G—y NN+ )J
(13) Va L #=1 i=1 St

N
VN-— N—m R ; Juisy 2 240 T1) o LR, 3"
St (xgw][ E(xf-yf)w]
L i=1 =]

There ‘follows from (5), (7) and (13) that the ratio (5) has the form
! . 2 n _ N
/ [:Z{x;‘_yi)'v_m]_[ (xf*y.f}?wul)(x?+}’f2)]

i=1 =
i . : " 2
[ P 7 e T +§%)][ Z(x,-—;‘ff)”]
= =1

=]

n

(14) o

or it can be written by iriple indices:
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(14a) Q=4LE y j=1,...,n,

v NN AN—m—1
PXC afafiN " Vo) p—1, .. m,
L hR

a;=|x,—: 1, b= xit+ 3%

In order to evaluate the effectivity of the N increase, it is necessary
to examine the extremums of Q with respect to N (for that purpose equation
(14a) is suitable), and the extremum of the structure of r(i) (equation (14)
suits the purpose). In particular, the following system should be solved:

(152) 0Q/3x,=-0,
(15b) 00/dy,=0, i=1,...,n,
(15¢) 0R/oN=0.

There follows from (14) that (15a) and (15b) contain x; and y; in
a symmetric manner, i e. the resulls from {15a) will be valuable also for
(15b). We obtain for {18a) in a developed form:

(168) - 32— WA BN —m)Fr—5 )= AN—1) (= 33 52)
+ G0 )C D—{CUDN(z, ~ iy
DI 11 1) (g F N3 (B )+ (-0 £ AB,

where

n a r
A= 1:2(35:‘ Ly s ] , Co Dy B=m=D . (2 4 g2),
) i=1

i=1

7 % &
B= 35—y 0. (24 30), D;-[Z(écf—},-w] :
i=1

i=l

The sums A, B, C, D in (186a) are independent of the index #, and x;

as well as y, takes part in the remaining part of the equation in an equal
manner for the different values of the index i Therefore, the system (16a)
is reduced to a single equs¥ion, representing a polynomial of x. Still, if

we take the ditference x;—y; by module (according to the definition equa-

tion (4)), then y; participates symmetrically to x for each i and in all equa-
tions. That is why, the simultaneous satisfaction of {16a) and {16b) demands:

{17) Xy,

But it follows from the definition equation (4) that if (17) is fulfilled
then x=const.
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The derivative (15} is expressed in a developed form by the equation

Fa r 2

r:,-ajar.ﬁ

aN_'maN"mfzz(N_')ﬂNaNath_m"”b?in TGy

g / % q % aaa
n%gty

(Iﬁb) 80 i j kopagr

8N~ AN 2
| e

¢ 5k p g nn=1i...,n

Obviously {16b} is annulied also by the condition x=-const. Therefore,
£ from (14a) has an extremum and it appears when r(1)=const.

At N—oco the sequence {{x,—y)}, i=1,...,n tends to the sequence
{0,0,...,0, (X;—¥pmash j=1,..., K, where K is the number of the biggest
and equal in size differences (x;—¥)mas. That is why the conditions for an
extremum of {14a) asre realized at N — oo,

A direct veritication can prove that the exiremum defined by the sy-
stem {15a), (16b) and (15¢) is a maximum,

Conclusions

According to the resulfs obtained, each power sufocorrelative function, de-
fined by equation (4), diminishes the risk function of equation (1) when its
power index increases. But we should not forget that these results have
been obtained under the following limiting conditions: V<l, rfi) -
{14+ O).(d), ©<1. The increase of the power index N leads to an increase
of the role of the neglecied terms in the development of pey, oc,, and
(I+6)yY; for example, at N>10 their contribution in some cases could be
higher than 30—40 per cent even when V_0.05 and ©=0.05. Neverthe-
less, at relatively small values of N, it is possible to look for’an optimum
of each concrete set of classes. It is probable that this optimum would be
shifted towards the great values of N, when for each one of the M-classes
there exists ai least one wavelength 1, in which this class has the highest
values of 7{1), compared with the other classes.

If we take into consideration ihe higher powers of /Ax and Ay in the
expression for C¥¥) in equation (i0), then the distribution of C!' would
not be a composition of normal distribution, therefore equations (i1} and
(12) would not be valuable as sufficient parameters of that distribution
description. This would complicate considerably the analytical conciusions
for the effectivity of transformations (4).

Notwithstanding the fact that the analytical conclusions of this paper
are quite limited, they do provide grounds to expect good effectivity of
transformation (4). The verification of this effectivity in the general case
of multidimensional distributions should be realized as the file of primary
information for r(d} has to be transformed into a file of power autocorre-
lative functions, according to (4), and the Bayes procedure of the minimum
risk or some other convenient criferia should be applied to this file.
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CrenenHas ayTOKOPPeNSIMOHHAA (HYHKIUS
T. K. Sues

{Peanume}

Wccenenopantt cBolicTRa ayTokoppeasunoniod QYHKUME BHXA

C(r;)=é‘;{ruf)—r(zﬁwnm.

TIe # — Henoe TONOMHUTENLHOE HUCIC, T; — LIAr KOPPeNsuuH,
4; — HesaBUCHMas nepemenras, r(1;) — 3aBHCUMaH NeDEMEHHALA,
[Moxasano, uro npusenenne C(z) B uaaccHPUKANHOHHOM aHAAUW3E CTOXA-
CTHIeCKUX CUTHANOB Tuila r{i;) yMeHblnaer (YHKUUIO PUCKE NPY HOPMAALHOM
pacrnpenesendy #(4;).
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